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Abstract 

A family of exact solutions is presented which represents a rigidly rotating cylin- 
der of dust in a background with a negative cosmological constant. The interior 
of the infinite cylinder is described by the Godel solution. An exact solution for 
the exterior solution is found which depends both on the rotation of the interior 
and on its radius. For values of these parameters less than a certain limit, the ex- 
terior solution is shown to be locally isomorphic to the Linet-Tian solution. For 
values larger than another limit, it is shown that the exterior solution extends 
into a region which contains closed timelike curves. At large distances from the 
source, the space-time is shown to be asymptotic locally to anti-de Sitter space. 



1 Introduction 

Bonnor, Santos and MacCallum [1] have identified a family of compound space-times 
for which the interior of an infinite cylinder of finite radius is described by the Godel 
solution [2]. They showed that this can be matched to a vacuum exterior in a form 
obtained by Santos [3]. The resulting space-time is cylindrically symmetric and sta- 
tionary. It claims to describe the interior and exterior fields of a rigidly rotating 
cylinder of dust in a vacuum background with a negative cosmological constant. How- 
ever, the exterior space-time was not expressed explicitly and some properties were 
only outlined. It is the purpose of this paper to construct this solution explicitly in a 
form that is suitable for interpretation. In this way, the properties of the space-time 
are identified for all values of the characterising parameters. 
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After identifying an appropriate form of the Godel metric that is to be used as 
an internal solution, we present a modified form of metric for the family of solutions 
that are considered for the external region. We then apply the appropriate junction 
conditions and identify expressions for the parameters for which it is matched to a 
Godel interior. Some properties of the space-time are then described in detail. 

2 The Godel solution 

The perfect-fluid solution obtained by Godel [2] can be expressed in comoving coordi- 
nates in the cylindrical form 

2 1 
ds^ = —dt^ + dp^ + dz^ smh^u}pd(j)dt H — -(smh^up — sinh*^a;p)d0^, (1) 

where u is an arbitrary constant, p e [0, oo), e [0, 27r) and = 27r is identified with 
= 0. The coordinate p may be interpreted as the proper distance from a regular axis 
at p = 0, and the rotational symmetry of the metric (1) about the axis can be clearly 
seen. The fluid four-velocity is u = 9^, and the constant density p (the pressure p = 0) 
and cosmological constant A are given by 

Stt/x = 4a;^ A = -2a;^ 

This implies that the fluid density is positive and the cosmological constant is negative. 
The Weyl tensor is of type D and there are no curvature singularities. This form of 
the metric has been preferred here since it explicitly reduces to a vacuum Minkowski 
space in the slowly rotating limit as a; — >■ 0. 

This solution, which is clearly stationary, is characterised by the fact that it is 
spatially homogeneous and the fluid has no expansion, acceleration or shear. The only 
non-zero kinematic quantity is the rotation (vorticity) , which has constant magnitude ou 
that is aligned with the axis. Its properties are well known (see e.g. [2] and [4]-[6]). 

This solution may be interpreted as describing a homogeneous space-time with a 
fluid source that is rigidly rotating. In the Newtonian analogue of such a situation, 
relative to any point, there will exist a cylinder of flnite radius around the axis of 
rotation on which the particles of the fluid would move at the speed of hght. For all 
points outside this cyhnder, the particles of the classical fluid will be moving faster 
than light. Such a situation is not possible in a relativistic theory but this feature is 
reflected in the appearance of closed timelike curves. 

In fact, it can be seen from the metric (1) that curves on which t, p and z are con- 
stant are either spacelike or timelike according to whether sinh'^ up is, respectively, less 
than or greater than 1. They are null when up — log(l -|- (or sinh(2a;p) = 2^/2). 
Moreover, since = 27r is identified with = 0, these arc closed timelike curves when- 
ever p is larger than this value, but they are not geodesies. In the present paper, we 
are considering an infinite cylinder described by this metric and so it is assumed that, 
in the interior region, up < log(l + \/2). 

3 Possible exterior solutions 

We now consider a family of compound space-times which contain an infinite rigidly- 
rotating cylinder of matter with proper radius pi, such that upi < log(l -|- V2). The 
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region inside this cylinder is taken to be described by the Godel metric (1) with 
< p < pi. The exterior region is taken to be vacuum with, of course, a negative 
cosmological constant. Our purpose is both to find the exterior solution which matches 

to (1) appropriately on the boundary p = pi, and to determine its properties. 
The exterior metric may be assumed to take the general stationary form 

ds^ = -Adt"^ -2Kdtd(f) + dp^ + Cd(f)^ + Ddz'^, (2) 

where p remains as a proper radial distance and A, C, D and K are functions of p 
only. It is assumed here that t G (— oo, oo), p G (0, oo), z G {—oo, oo) and (j) G [0, 27r). 
With = 27r identified with d = 0, it may be seen that the space-time contains closed 
timelike curves whenever the metric function C is negative. In this case, is a timelike 
coordinate and curves with constant t, p and z are closed timelike curves, though they 
are not necessarily geodesies. 

It is also convenient to introduce a function A(p) such that 

A' = AC + i^^ (3) 

and it is reasonable to assume that A > 0. With this, the metric (2) could be written 
in the alternative form 

ds^ = -A Ut + ^ d0 j + dp2 + _ + L> d^2. 
3.1 The BSM exterior solution 

In [1], Bonnor, Santos and MacCallum have considered the exterior solution to be a 
special case of the family of vacuum solutions given by Santos [3]. Using a slightly 



different notation involving the above constant cj = y — A/2, this can be expressed in 

terms of two functions G{p) and F(p), where G = y/—g = Ay/D. 
In particular, they have taken G in the form 

G — ci cosh (^VQujp^ + C2 sinh (^VGujp^, (4) 

where Ci and C2 are constants, and have required F{p) to satisfy the equation 

F'^^G-\ (5) 

where 7 is a constant. With these, the metric function D takes the form 

D = eAe^^, 

where e and 5 are real constants with e > 0. The function A is then given by 

A^e-^/'G^/'e-'^/\ (6) 
and the remaining metric functions were taken to be 



A^A 
K^A 



2p cosh aF - ( —) sinh aF 

^ a ^ 

cosh aF — — sinh aF 
a 



(7) 



G = A- sinh aF, 
a 
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which contain the additional constants a and /3, of which a could be imaginary. The 
parameters of this solution satisfy the constraint 

2icu'{c2'-c^') = {3a' + ^'h'. (8) 

On application of the boundary conditions, however, it is found that this form of 
the exterior solution does not easily reduce to Minkowski space in the slowly rotating 
limit as a; ^ 0. A different approach is therefore preferred here. 



3.2 A general exterior solution 

In order to construct an exterior solution that more transparently contains the slowly 
rotating limit, wc take the same solution as given by (4)-(6) and (8) but apply a 
general transformation to the t and (p coordinates. In this way, in place of (7), the 
remaining metric functions can be expressed in the more general form 



A 



2kii cosh aF — {k^ + fi^) sinh aF 



K — [{kv — Xji) cosh aF + [kX — jiv) sinh aF\ , 
C = A [2Ai/ cosh aF + (A^ + v'^) sinh ckF] , 
where k, X, /i and i/ are arbitrary constants which satisfy the constraint 

KV + X/i — 1, 



(9) 



(10) 



and are such that k, and fi have dimension L~^/^ and A and u have dimension L^/^. 
Even with the condition (10), however, this parametrisation contains more freedom 
than is required. A further constraint may be imposed. However, this will be left 
until after the application of junction conditions and it will then be used in order to 
simplify the expressions obtained. 

Our second point of departure from [1], is to note that it is possible to determine 
the exterior solution explicitly by first rewriting the constants Ci and C2 as 



Cl 



■sinh("\/6a;po), C2 



cosh(-\/6a;po), 



\/6io ' \/6a; 

where c and po are constants. This re-expresses the function (4) in the form 

G = sinh [V6uj{p - Po)) . (11) 
In this case, the equation (5) can be integrated to give F{p) explicitly in the form 



F = - log 



2k 



a/6 



tanh 



V6 



id 



{p - Po) 



(12) 



where k is an arbitrary constant. Recalling that cu — y^— A/2, it is now convenient to 
introduce the functions 



Pip) 



2 tanh (V-3A(p - po) /2) 



v/=3A 



Qip) 



sinh (V-3A(p - po)) 



(13) 
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so that G = cQ and = [kPy^^. This metric could have a singularity when p = pq. 
However, when taken to represent the exterior of a cylinder of proper radius pi, this 
does not occur for p e [pi, oo). 
In terms of the above functions, 

A = e-V3(cQ)2/3(fcP)-75/3c^ (14) 

and the remaining metric functions are given explicitly by 

A = i A [-{k - pf (A;P)°T/^ + + pf (itP)-"^/'^] , (15) 

X = i A - /i)(A + z/) {kPy^'" -{k + p){\- v) (fcP)-"^/"] , (16) 

C = i A [(A + vf {kPy^/" - (A - vf (A;P)-'*^/"] , (17) 

D = ^e{kPy^/^, (18) 

in which the constants satisfy the constraint 

(Sa" + 5^)72 = 4c2, (19) 

replacing (8). The above expressions remain valid when a and c are either real or 
imaginary. However, when c is imaginary, po is complex. 

4 Matching conditions 

It is now appropriate to consider the compound space-time in which an infinite cylinder 
of finite proper radius pi, whose interior is described by the Godel metric, is matched 
to an exterior described by the metric in the family described above. 

The interior Godel solution in the form (1) is characterised by a single parameter ui, 
which determines both the density of the dust source and the value of the cosmological 
constant. A cylinder of such a source is also determined by its proper radius pi. 
A rigidly rotating cylinder described in this way is thus characterised by these two 
parameters. 

Such a source should now be matched to a vacuum exterior solution described by 
the metric (2) in its general form with (15)-(18) and (13) and (14). It may first be 
noted that the metrics (1) and (2) for each region are expressed in terms of the same 
proper radial coordinate p. Then, according to the Lichnerowicz conditions, the metric 
functions and their derivatives must be continuous across the junction at p = pi. This 
provides eight explicit constraints on the parameters in the exterior metric. Given 
that the parameters ui (and hence A) and pi are determined by the source, the eight 
junction conditions determine the values of the quantities c, po, e, 7^, 07, k, A, p, v 
and k, in which k, A, p and u are subject to (10) and some additional constraint that 
is yet to be identified. 

It can immediately be seen that the continuity of G = and its derivative on 
the junction p — p\ implies the two conditions 



\/2c sinh \ \/%ixi{pi — p^yj = \/3 sinh(2a;pi), 
c cosh ^-\/6u;(pi — Po)) = cosh(2a;pi). 
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Thus c is given by 

= 1 - 2 sinh^ upi - 2 sinh^ upi, (20) 
and Po is defined by the equation 

\/2 tanh (\/6w(pi - po)) = \/3 tanh (2a;pi) . (21) 
Thus Qi = Q{pi), and hence Pi = -P(pi), are now determined exphcitly as 

_ sinh(2a;pi) ^ _ 2( cosh(2a;pi) - c) 
2a; ' 3a; sinh(2a;pi) 

It may also be noted that equations (21) and (20), which define po and c, only have 
real solutions when 



< a;pi < sinh"^ y ^ (< 0.573108), 

or when < sinh(2a;pi) < \/2. For values of a;pi outside this range, c is imaginary and 
Po complex. 

Now consider the (assumed positive) quantity A defined by (3). The continuity of 
this and its derivative across p — pi leads to the two further constraints 

' = • Jo ^ (kPi)-"'^'', cosh(2a;pi). (22) 

smh(2a;pij 

These two conditions are equivalent to the required continuity of D and its derivative. 

Now consider the continuity of A/A. /C/A, C/A and their derivatives. These six 
(not independent) conditions can be expressed as 

-{k - pf {kPir/'' + (« + pf {kPiY^-^'^ = . ■ , , (23) 

smha;pi cosha;pi 

(k - p)(A + u) {kPiT'^''' - (« + p)(A - v) (A;Pi)-'^^/^ = 2^2 (24) 

cosh a;pi 

(A + {kPir/<^ - (A - (kPi)-^'^/'^ = 2sinha;p,(l-sinh^^p0 ^ 

CO cosha;pi 

- ,r (kp.r" - (« + ,? = -- (26) 

q;7 smhcjpi cosha;pi 

{k - p)(A + v) {kPir''^ + {k + p){\- v) (kPi)--'^/'^ = ^ (27) 

07 cosha;pi 

(A + {kPir"^ + (A - (fcPO--/^ = 2sinha;p,(l-3sinh^a;p,-2sinh^^p0 

070; cosha;pi 

The combinations (25)(27)-(24)(28), (25)(26)-(23)(28) and (24)(26)-(23)(27) 
with the constraint (10) give, respectively, 

/\2 2\ 2-\/2 . 4 

a7(A — V ) = smh a;pi, 

UJ 

a'^{K\ + jjLu) = 1 — 2 sinh^ a;pi, (29) 
a-f{K^ - p^) = 2V2a;. 
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These equations can be solved by putting 

K — A cosh X — B cosh x, /i — A sinh ip, v — B sinh x, 

where, according to (10), the constants A, 5, and % are subject to the constraint 

ASsinh('0 + x) = 1. 

The conditions (29) then become 

,2 2^20; „2 2^2 ,4 x l-2sinh2a;pi 

A^ = -^^ , B^ = sinh^tupi, AS cosh + X = ^■ 

0:7 0:70; q;7 

Together, these imply that 

q;^7^ = 1 — 4sinh^C(;pi — 4sinh*^C(;pi. (30) 
It follows that a is only real for 



< < sinh"^ ^ (< 0.440687), 

i.e. for < sinh(2cjpi) < 1. Significantly, it can now be seen that the expressions (20), 
(22) and (30) satisfy the required condition (19). 

At this point, it can be seen to be convenient to use the remaining freedom in the 
choice of the parameters A, // and to put x — i^ (so that ku — \^ — \). With 
this additional assumption it can then be seen that 

2, 1 - 2(1 + V2)sinh^a;pi 2, 1 + 2(^/2 - 1) sinh^tupi 



sinh -0 = — ^ , cosh = 



4-\/2sinh^a;pi ' 4-\/2sinh^a;pi 
and thus 

, -2 u;(l — 2sinh + q;7) , ,2 sinh a;pi(l — 2sinh ujpi-\-a'y) 

0:7 smh uopi aju) 

2 <x'(l — 2sinh^a;pi — a7) , ,2 sinh^a;pi(l — 2sinh^a;pi — q;7) 

[k-ii) = —2 ' {^-^) = > 

q;7 smh ojpi ajco 

So far, seven independent junction conditions and two constraints have been used 
to obtain explicit expressions for the quantities c, Pq, ek"'^^^, 7^, 07, k, A, /i and u. 
One more condition is required to separately identify the parameters e and k. Any of 
the conditions (23)-(28) or combinations of them is sufficient for this. In particular, 
subtracting (26) from (23) gives 



a-y/c _ ^^^^ (1 + 07-2 sinh^ upi] 
sinhwpi (1 + q;7 + 2 sinh^ a;pi) 



This determines k, and e is then obtained from (22). 
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5 The slowly rotating limit 



It is now appropriate to investigate the limit in which cu ^ while pi is kept constant. 
In this limit, in which the cosmological constant vanishes, the metric (1) for the interior 
region approaches that of a vacuum Minkowski space in cylindrical coordinates. It 
therefore needs to be checked that the exterior metric approaches the same hmit. 

Expanding expressions to the least order in ui that is required, it can be seen that 
c — >■ 1, po ~^ 0, 7(5 — >■ —1, e — >■ (pi/cPi)"^, cQi — >■ pi, and hence 



It can then be seen that 

q;7 ^ 1 - 2a;pi - y (a;pi)^ + . . . 

Hence 

Since kPi (cjpi)"^ and P — )■ p, it follows that k — )■ u!~^pi^. It can then be seen that 
the remaining metric functions approach the following limits: 

A^l, K^Q, C^p^. 

It is thus confirmed that the exterior metric reduces exactly to the required form of 
Minkowski space in this limit. 



6 Asymptotic properties 

It is also appropriate to investigate the asymptotic properties of this family of solutions 
as p — >■ oo. It may first be noted from (11) that, in this limit. 

Moreover, P approaches the finite quantity ^/2/{\/3uj). It can then be seen from 
(14) that A approaches a constant multiplied by e^^'^p/^. Thus, A, K, C and D 
all behave asymptotically like e^^'^'^/^ and it is possible to rotate coordinates to set 
X — > 0. Then, after appropriately rescaling the coordinates, the metric asymptotically 
approaches a form that is equivalent to 



ds^ = exp (sy -| p) i-dP + df + d4>^) + dp'', (31) 

which is one of the standard forms for the metric of anti-de Sitter space. This con- 
firms that this solution is also asymptotic to the known static cylindrically symmetric 
solution with a negative cosmological constant [7], [8]. However, it should be noted 
that the coordinate in (31) is periodic. The exterior region is therefore not strictly 
asymptotic to anti-de Sitter space in any global sense. 
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7 The exterior region 



It can now be shown that the coordinate transformation 



t = 



V2 



(A + u)t - (A - u)ip 



1 

72 



(32) 



takes the vacuum exterior metric (2), with components given by (15)-(18), to the 
diagonal form 



where A is given by (14). It is now possible to rescale the coordinates Cp and z to 
absorb the constants e, c and so that the resulting metric becomes 

= g2/3 J _ p-(3a+5)7/3c^p ^ p257/3c^-2 ^ p(3a-5)7/3c^ -2j ^ ^^2_ ^33) 

This may now be seen to be identical to the general static metric with a cosmological 
constant obtained by Linet [7] and Tian [8], which may be expressed in the form 



(Jg2 ^ g2/3 r _ p-2(1-8(t+4(t2)/3S ^^2 _^ p-2(l+4(T-8(T2)/3S ^^2 

^p4(l-2a-2a2)/3S ^i^2l ^^^2^ 



(34) 



where E = 1 — 2(T + 4(T^, and in which Q and P are given exactly as in (13) for this 
case with A < 0. (The periods of (p and ip and the existence of related conicity pa- 
rameters are ignored in both metrics.) Notice that the sum of the different powers 
of P in (34) vanishes, while the sum of the squares of the powers of P is equal to |. 
For the metric (33), the first result is satisfied trivially and the second is precisely the 
condition (19). 

The Linet-Tian metric (34) is the static generalisation of the Levi-Civita solution 
which includes a cosmological constant. The parameter a is usually interpreted as 
the mass per unit length of the source as it has this interpretation in the hmit as 
A — > 0. By comparing the indices in the metrics (33) and (34), it can be seen that the 
parameter a is given by 



1 73 



1 I 7f5 
^ ^ 2c 



7i5 ■ 
2c 



Thus (7 = corresponds to 7^ = — c which, as expected, occurs when uipi — and the 
source vanishes. 

The results given here indicate that the exterior field in locally static. However, it 
is not globally static. In addition, it only has this property when the expressions in the 
transformation (32) are real, and this only occurs when a is real. The situation here 
is therfore qualitatively the same as that described by the van Stockum solution [9], 
which describes a rigidly rotating cylinder of dust when A = and in which, provided 
upi is not too large, the vacuum exterior region is locally isomorphic to the Levi-Civita 
solution. 
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8 Conclusion 



The solution described above represents the gravitational field a rotating infinite cylin- 
der of finite radius. The interior region, given by the Godel metric (1), contains a rigidly 
rotating dust source. This has been matched to a vacuum exterior. Both regions have 
the same negative cosmological constant. The complete space-time is determined by 
two parameters - the vorticity u of the fiuid interior, which determines both the cos- 
mological constant and the density of the fiuid in the interior region, and pi, which is 
the proper radius of the cylinder. 

When < sinh(2ci;pi) < 1 (i.e. when < upi < 0.441 approximately), a is real and 
the exterior solution is locally isomorphic to the static Linet-Tian solution. When 
1 < sinh(2(X'pi) < -\/2, a is imaginary and c and po are real. For \/2 < sinh(2(X'pi) 
(i.e. when 0.573 < upi roughly), a and c are both imaginary and po is complex. 




Figure 1: The heavy line illustrates the metric function g^^ of the Godel solution as a func- 
tion of ujp. This is considered for ujp < ujpi. Extensions to the exterior solution are also 
illustrated for three particular values of ujpi. Closed timelike curves occur when g^i,^ is nega- 
tive. For < ujpi < 0.646, the extension remains positive for all p. For 0.646 < ujpi < 0.881, 
the extension becomes negative after some finite distance and, for 0.881 < copi, the metric 
function is already negative in the interior region. 

The space-time contains closed timelike lines whenever the metric function C be- 
comes negative. This function is plotted in figure 1 for extensions at three different 
values of upi. It is found numerically that, if < upi < 0.6456, the exterior region 
does not contain closed timelike curves. For 0.6456 < upi < 0.881, the exterior re- 
gion extends after a finite distance into a region which contains closed timelike curves. 
For 2a/2 < sinh(2ci;pi), closed timelike curves occur in both the interior and exterior 
regions. 
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